Pendant drop formation of shear-thinning and yield stress fluids  by Davidson, Malcolm R. & Cooper-White, Justin J.
Applied Mathematical Modelling 30 (2006) 1392–1405
www.elsevier.com/locate/apmPendant drop formation of shear-thinning and yield stress ﬂuids
Malcolm R. Davidson a,*, Justin J. Cooper-White b
a Department of Chemical and Biomolecular Engineering, The University of Melbourne, Vic. 3010, Australia
b Department of Chemical Engineering, The University of Queensland, Qld 4072, Australia
Received 7 December 2004; accepted 7 November 2005
Available online 24 April 2006Abstract
A volume-of-ﬂuid numerical method is used to predict the dynamics of shear-thinning liquid drop formation in air from
a circular oriﬁce. The validity of the numerical calculation is conﬁrmed for a Newtonian liquid by comparison with exper-
imental measurements. For particular values of Weber number and Froude number, predictions show a more rapid pinch-
oﬀ, and a reduced number of secondary droplets, with increasing shear-thinning. Also a minimum in the limiting drop
length occurs for the smallest Weber number as the zero-shear viscosity is varied. At the highest viscosity, the drop length
is reduced due to shear-thinning, whereas at lower viscosities there is little eﬀect of shear-thinning. The evolution of pre-
dicted drop shape, drop thickness and length, and the conﬁguration at pinch-oﬀ are discussed for shear-thinning drops.
The evolution of a drop of Bingham yield stress liquid is also considered as a limiting case. In contrast to the shear-thinning
cases, it exhibits a plug ﬂow prior to necking, an almost step-change approach to pinch-oﬀ of a ‘‘torpedo’’ shaped drop
following the onset of necking, and a much smaller neck length; no secondary drops are formed. The results demonstrate
the potential of the numerical model as a design tool in tailoring the ﬂuid rheology for controlling drop formation
behaviour.
 2006 Elsevier Inc. All rights reserved.1. Introduction
The growth and detachment of drops from a nozzle is important in many circumstances, ranging widely
from the industrial (e.g., ink-jet printing, liquid–liquid extraction, spraying, biological assays) to the domestic
(e.g., a dripping tap). The phenomenon is also of intrinsic interest because it represents a challenging moving
boundary problem. For drop formation from a nozzle under the inﬂuence of gravity, the liquid ﬂow rate is low
and the pendant drop grows slowly at ﬁrst, characterised by a quasi-static balance between gravity and inter-
facial tension. However, once the drop volume reaches a critical value, force equilibrium is lost and the evo-
lution of the drop rapidly accelerates leading to necking and break-up (pinch-oﬀ) of the pendant drop.
The evolution of a pendant drop has been a topic of investigation since experiments to measure drop vol-
ume were performed more than a century ago [1]. High speed photography has since revealed the formation of0307-904X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.apm.2006.03.016
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Notation
a inner radius of the nozzle
C fractional volume function
Fr Froude number (Eq. (7))
FS interfacial force per unit volume
g gravitational acceleration
h minimum neck thickness
L drop length
n shear thinning parameter
P dimensionless pressure
Re Reynolds number (Eq. (7))
t dimensionless time
td dimensionless time at pinch-oﬀ
U dimensionless velocity
V mean liquid velocity into the nozzle
We Weber number (Eq. (7))
Greek symbols
_c dimensionless shear rate
k dimensionless time constant
l liquid viscosity
lp Bingham plastic viscosity




s viscous stress tensor
sy dimensionless yield stress
Subscripts
0 zero shear rate
1 drop phase
2 air phase
1 inﬁnite shear rate
c critical value
r reference value
M.R. Davidson, J.J. Cooper-White / Applied Mathematical Modelling 30 (2006) 1392–1405 1393the neck between the primary drop and the nozzle, and the transformation of the neck into one or more
satellite drops after the primary drop detaches. Following the publication of high deﬁnition photographs
showing the dynamics close to pinch-oﬀ [2,3], research activity on this topic has expanded rapidly, including
more in-depth experimental observations [4–7]. A detailed review of recent ﬂuid dynamic research on interfa-
cial break-up phenomena for dripping nozzles, jets, liquid bridges and other related problems is given by
Eggers [8]. More recent summaries concerning pendant drops have been given by Wilkes et al. [9] and Coo-
per-White et al. [7].
The ﬁrst numerical studies were based on one-dimensional slender-thread approximations (for a detailed
discussion and references, see [8]). This approach has proved extremely successful and remains a valuable
tool today (e.g., [10]). Numerical studies, which dispense with the one-dimensional approximation, include
1394 M.R. Davidson, J.J. Cooper-White / Applied Mathematical Modelling 30 (2006) 1392–1405boundary integral solutions of potential ﬂow [11] and Stokes ﬂow [12], and ﬁnite element [9,10,13,14] and vol-
ume-of-ﬂuid [15–17] solutions of the full Navier–Stokes equations.
Thus far, most studies of drop formation and pinch-oﬀ concern Newtonian liquids. However, in many
practical circumstances (e.g., ink-jet printing, biological ﬂuids), the drop ﬂuid can be non-Newtonian in char-
acter. The evolution of a pendant drop of visco-elastic ﬂuid has been studied experimentally by Amarouchene
et al. [18] and more comprehensively by Cooper-White et al. [7]. Yildirim and Basaran [19] used a ﬁnite ele-
ment numerical method to examine the deformation and break-up of Newtonian and shear-thinning liquid
bridges contained between two disks, a problem closely related to that of the pendant drop. Recently, the
authors [20] undertook preliminary numerical studies of the growth and pinch-oﬀ of a pendant drop of
shear-thinning liquid using a volume-of-ﬂuid (VOF) method. Apart from this, there appears to be no pub-
lished numerical study of the evolution of a pendant drop of non-Newtonian liquid. The aim of this paper
is to extend the initial work on shear-thinning pendant drops to cover a broader parameter range, and to pres-
ent the ﬁrst results for drops of a yield stress liquid which may be considered a limiting case of shear thinning.
2. Model formulation
We consider the axi-symmetric formation of a pendant liquid drop growing downwards in a gas phase (e.g.,
air) from a cylindrical nozzle having internal diameter 2a and external diameter 4a as shown in Fig. 1. The
nozzle height is taken to be equal to 4a. For shear-thinning cases, the liquid is assumed to wet the wall of
the nozzle so that the air–liquid interface is attached to the nozzle at its outer diameter. For the single yield
stress case considered, the interface is assumed to attach at the inner diameter of the nozzle. The mean inﬂow4a
2a
4a
Fig. 1. A schematic showing the evolving drop shape when the drop is attached at the outer diameter of the nozzle. The shaded parts
indicate the annular nozzle wall.
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from an initial interface, which is ﬂat, covering the bottom tip of the nozzle.
A VOF numerical method is used to calculate the ﬂow. Such methods are well suited to calculating ﬂow
with deforming interfaces since they can handle topological change such as fragmentation and coalescence
without special intervention. VOF methods are characterised by the advection of ﬂuid volume on a ﬁxed grid
using special techniques to approximate the interface accurately within a mesh cell [21]. The interface position
is then determined implicitly at any time by consideration of the volume fraction distribution.
The drop and the surrounding gas are modelled as a single ﬂuid with variable properties. This ﬂuid takes
the properties of the liquid within the drop and those of the gas within the surroundings. The corresponding
equations of motion, with velocity, length and time scaled according to V , a and a=V , respectively, areoC
ot
þr  ðUCÞ ¼ 0; ð1Þ
oqU
ot






r  s; ð2Þ
r U ¼ 0; ð3Þ
q ¼ q1C þ q2ð1 CÞ; ð4Þwhere C is a fractional volume function, P denotes pressure, s is the viscous stress tensor, g^ is a unit vector
pointing in the direction of gravity and FS is the surface force arising from interfacial eﬀects. The subscripts
1 and 2 denote values for the liquid (drop) phase and gas phase, respectively. The fractional volume function C
is advected with the local velocity U. The local values of dimensionless density are obtained as shown in
Eq. (4) giving a volume fraction weighted average in computational cells containing the interface. The ratio
of gas viscosity to the liquid viscosity at zero shear (l10) is taken to be 0.003. The corresponding density ratio
is 0.001.
For shear-thinning drop ﬂuid, a Carreau model of shear-thinning is used. This model gives an expression
for the liquid viscosity (l1), which varies smoothly from its value at zero shear rate (l10) to a lower value at
very large shear rate (l11). The dimensionless Carreau viscosity (g = l1/l10) is given byg g1
1 g1
¼ 1þ ðk _cÞ2
 1
2ðn1Þ
; ð5Þwhere _c is the dimensionless shear rate, k is a dimensionless time constant, g1 = l11/l10 and n 6 1 (n = 1 cor-
responds to a Newtonian ﬂuid). The shear rate is the second invariant of the rate of strain tensor (e.g. [22]).
For a yield stress drop ﬂuid, the Bingham model is used, implemented with a bi-viscosity approximation in
which the dimensionless viscosity g is given byg ¼ sy
_cc
þ 1; _c 6 _cc
¼ sy
_c
þ 1; _c > _cc;
ð6Þwhere sy denotes the dimensionless yield stress, _cc ¼ 1010sy is the critical shear rate in the bi-viscosity approx-
imation, and the Bingham plastic viscosity (lp) is the viscosity scale. The yield stress is scaled with lpV =a.
Changing cc by two orders of magnitude from 10
8 to 1010 resulted in eﬀectively coincident plots of minimum
neck thickness and drop length vs time, with small diﬀerences in the drop shape near the time of pinch oﬀ.
The dimensionless parameters in Eq. (2) are the Froude, Weber and Reynolds numbers respectively:Fr ¼ V
2
ga









: ð7ÞHere, the density scale q1 is density of drop liquid, r is the coeﬃcient of surface tension between the liquid and
the gas, and g is the acceleration due to gravity.
The ﬂow domain is taken to be a cylindrical region about the axis of symmetry with radius 4a (i.e., twice the
outer radius of the nozzle) below the nozzle and radius a within the nozzle. The length of the ﬂow domain is
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presented, the nozzle height (4a) is suﬃcient to allow for the calculation of re-entrant ﬂow from below the
nozzle that can occur during rapid thinning of the neck at reduced liquid viscosity [9]. A parabolic velocity
proﬁle was chosen at the inﬂow to the nozzle for shear-thinning and Newtonian cases. A linear proﬁle, as
set by Schulkes [11] and Gueyﬃer et al. [15], was also tried, yielding almost identical results, demonstrating
that the predictions are not sensitive to the choice of inlet velocity proﬁle. A fully developed Bingham ﬂow
proﬁle was chosen for the yield stress case. The velocity proﬁle at inﬂow is also set at the bottom of the com-
putational domain for r < a, with zero velocity when rP a, to ensure global volume conservation. Zero nor-
mal gradients in C are set at the domain boundaries except at the inlet to the nozzle where C = 1. Free slip
velocity conditions are taken on the radial boundary of the domain (r = 4a) below the nozzle. The usual
no-slip condition applies at the nozzle wall. Finally, the contact line was pinned at the outer or inner edge
of the nozzle by setting the radial velocity to zero in the row of cells for r > a just below the nozzle tip.
The VOF ﬁnite volume algorithm of Rudman [23] was adapted for variable viscosity to solve Eqs. (1)–(3)
for shear-thinning and yield stress ﬂuids. A semi-implicit time stepping procedure [24] was used for the yield
stress calculation to remove the diﬀusion time step limitation in the explicit Rudman algorithm, and so ensure
stable calculations in the presence of the very large apparent viscosities (Eq. (6)) that occur when the shear rate
is small. Axi-symmetric ﬂow calculations were performed in cylindrical polar coordinates on the symmetric
half of the computational domain (radius 4a). A uniform staggered grid with 16, 24 or 32 cells spanning a
nozzle inner radius (a) was chosen, depending on the results of grid reﬁnement tests.
3. Results and discussion
3.1. Comparison with experiment
The dynamics of drop formation and break-up of a Newtonian drop (milliQ water at 21 C) fed from a
syringe pump at a rate of 73.8 ml/h were observed from a nozzle of 2.0 mm inner diameter and 4.0 mm
outer diameter (i.e., a = 1 mm), as originally reported in Davidson et al. [20]. Several drops of liquid were
allowed to form to ensure a constant liquid ﬂow rate prior to the images of the drop being taken for anal-
ysis. A sequence of images of the drop during its formation, subsequent approach to pinching and break-up
were taken using a high speed video camera (Phantom V, Vision Research). The camera can capture up to
1000 frames per second at 1024 · 1024 pixels, or capture higher frame rates at lower resolution. The min-
imum measurable diameter is equivalent to between 8 and 12 lm, i.e. 2–3 pixels using the given experimen-
tal conﬁguration.
The predicted drop shapes for this Newtonian drop, based on 16 cells per inner radius, are compared with
corresponding photographic images at equivalent times in Fig. 2. In this case Re = 1.25, We = 0.000687 and
Fr = 0.00437. To synchronise the predicted and photographic images, we have assumed that the moment of
pinch-oﬀ occurs physically when the calculated minimum dimensionless thickness of the neck h/4a = 0.01
which is the approximate resolution of the grid. The VOF numerical method is not suﬃciently accurate to pre-
cisely resolve the moment of pinch-oﬀ; however, Fig. 2 shows that the overall detail of the drop shape (includ-
ing neck and the satellite drop formation) is closely reproduced. Increasing the mesh size density by a factor of
1.5 in each direction resulted in negligible changes to the predicted drop shapes. Both the excellent agreement
with experimental data and the above mesh independence demonstrates the accuracy of the simulation.
3.1.1. Shear-thinning drop
In this section we present and discuss the eﬀect of shear-thinning by varying g1 (0.2,0.6,1.0) for various
values of Re (0.1,1,10) and We (0.001,0.0025,0.005) when Fr = 0.005. The shear-thinning model parameters
in Eq. (5) are taken to be k = 1 and n = 0.2. Numerous additional tests for grid independence of the predicted
minimum neck thickness (h) and drop length (L) were performed with mesh densities increased by factors 1.5,
2.0, and 2.5. The tests showed that the coarsest grid of 16 cells per inner radius a (reﬁnement factor 1.0) was
acceptable in all cases for which Re = 0.1 or 1.0 (except for the case Re = 1, We = 0.001, g1 = 0.2), resulting
in time shifts in the h(t) and L(t) curves, ranging from being negligible to about 2%, when the reﬁnement factor
was increased to 1.5. Results presented for all cases with Re = 1, We = 0.001 are based on the reﬁnement
Fig. 2. Comparison between predicted drop shapes (white outlines) and corresponding photographic images for a Newtonian drop. The
times in the sequence (a–i) are 30,20,10, 5, 1, 0, 1, 2, 3 milli-seconds, respectively, relative to the moment of pinch-oﬀ (reproduced
with permission from [20]).
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Fig. 3. Minimum neck thickness for Newtonian (g1 = 1) and shear-thinning liquids (g1 = 0.2,0.6) for various Re and We values when
Fr = 0.005. Other shear-thinning parameters are k = 1 and n = 0.2. The curves shift to the right with increasing g1 for Re = 0.1, 1,
We = 0.001 and Re = 0.1, We = 0.0025, 0.005.
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the same time shift range as above when the reﬁnement factor was either increased to 2.5 or reduced to 1.5.
Fig. 3 shows the eﬀect on minimum neck width (h) of decreasing either the zero shear viscosity (increasing
Re) or the inﬁnite shear viscosity (decreasing g1) while keeping the other ﬁxed. Changes in g1 represent
changes in the degree of shear-thinning. Results for We = 0.001, 0.0025 and 0.005 are shown. The overall
eﬀect in Fig. 3 of increasing Re or decreasing g1 is a more rapid narrowing of the neck. The small diﬀerences
for Re = 10, We = 0.001 are only slightly greater than the numerical error determined from grid reﬁnement
tests, and so can be discounted. The onset of pinch-oﬀ is predicted to be more sensitive to shear thinning when
Re = 0.1 than for Re = 1 or 10. When Re = 1, 10 and We = 0.0025, 0.005 there is little eﬀect of either Rey-
nolds number or shear thinning on the onset of pinch-oﬀ. The overall eﬀect of varying Re and g1 in Fig. 3
is consistent with predictions of the eﬀect of viscosity on Newtonian pendant drops [9]. Liquid ﬂows out of
the neck as it thins, due to a curvature-induced pressure increase there, by exiting downwards from the bottom
and upwards from the top of the neck. Decreasing the viscosity reduces the normal viscous stresses resulting in
a further increase in the pressure in the neck so as to maintain the normal stress diﬀerential across the inter-
face. This, in turn, increases the rate of outﬂow from the neck resulting in a more rapid occurrence of pinch-
oﬀ.
Fig. 3 also shows that pinch-oﬀ occurs at earlier times as We increases from 0.001 to 0.005, and surface
tension decreases relative to the gravitational force. In addition, the rate at which pinch-oﬀ is approached once
the neck has formed becomes more abrupt as We increases. Oscillations in h prior to the ﬁnal approach
towards pinch-oﬀ are apparent from Fig. 3. At a given Reynolds number, they are smaller when
We = 0.0025 than they are when We = 0.001, and have disappeared when We = 0.005. The oscillations are
damped out if the viscosity is high enough, and have almost disappeared forWe = 0.001 when Re = 0.1. Such
oscillations have been found to develop initially in low viscosity calculations of Newtonian drop formation
from an initially stable drop volume below the nozzle [9].
The eﬀect on drop length L of separately varying Re and g1 is shown in Fig. 4 for times prior to pinch-oﬀ.
In each case, L is seen to grow slowly at ﬁrst, followed by a very rapid increase, as expected. ForWe = 0.001,
oscillations in the drop length are evident prior to the rapid increase in L, corresponding to oscillations shown
in Fig. 3. The rapid increase is associated with the approaching pinch-oﬀ event and occurs sooner when the
viscosity decreases through either Re increasing or g1 decreasing, consistent with the results for h in
Fig. 3. As in Fig. 3, there is little eﬀect of either Reynolds number or g1 when Re = 1, 10 and
We = 0.0025, 0.005, and little eﬀect of g1 when Re = 10 and We = 0.001. The limiting length at the time
of pinch-oﬀ increases substantially when Re = 0.1 as We increases from 0.001 to 0.005 (note diﬀerent scales
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Fig. 4. Drop length below the nozzle for Newtonian and shear-thinning liquids at times prior to pinch-oﬀ for the cases shown in Fig. 3.
The curves shift to the right with increasing g1 for Re = 0.1, 1, We = 0.001 and Re = 0.1, We = 0.0025, 0.005.
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respect to Re for each value of g1. As Re increases from 0.1 to 1, the limiting length decreases because the
neck drains more rapidly as the viscosity decreases. The eﬀect of decreasing g1 when Re = 0.1 exhibits the
same trend, whereas the eﬀect when Re = 1, 10 is negligible. The change in limiting length due to shear-thin-
ning is greater for the lower Re value because this corresponds to higher initial viscosity and the consequent
change in viscosity with shear rate is then greater. As Re increases from 1 to 10, the limiting length increases
instead of continuing to decrease. This occurs because, although decreasing the viscosity promotes a more
rapid thinning of the neck and a shorter limiting length, the velocity of liquid expelled from the neck increases
suﬃciently for the drop below the neck to form an ellipsoidal shape with its long axis in the direction of ﬂow;
this tends to increase L. The combined eﬀect of these two opposing trends is to increase the limiting length as
Re increases from 1 to 10. The local minimum in the limiting length is absent for We = 0.0025, 0.005.
As the zero shear viscosity is reduced (Re increased), the variation of both h and L due to shear-thinning
decreases. This occurs because a shear-thinning reduction in an already reduced viscosity will have a smaller
eﬀect. This has been noted by Yildirim and Basaran [19] in relation to shear-thinning liquid bridges.
Fig. 5 shows the ﬁnal drop shapes and velocity ﬁelds predicted at pinch-oﬀ corresponding to the results for
We = 0.001 shown in Figs. 3 and 4. The time of pinch-oﬀ is taken to be when the scaled minimum neck thick-
ness h/4a = 0.01, as discussed earlier. The results illustrate the eﬀects of Re and g1 on the limiting drop length
that were discussed previously for We = 0.001. These include (i) the reduction in limiting drop length as Re is
increased from 0.1 to 1, (ii) the decreasing drop length as g1 decreases when Re = 0.1 and the corresponding
negligible change in drop length when Re = 1 and 10, (iii) the formation of an ellipsoidal drop shape for
Re = 10. As discussed for Fig. 4, the increase in the limiting drop length for Re = 10 is caused by elongation
of the drop into an ellipsoidal shape which opposes the trend to shorten the length due to more rapid neck
drainage when viscosity is reduced.
Although the scale of Fig. 5 is such that the individual velocity vectors are not clearly visible, they describe
an upwards ﬂow out of the neck and into the nozzle, that collides with the liquid ﬂowing down from the nozzle
inlet to create a stagnation point. The location of the stagnation point depends on the velocity of the reverse
upward ﬂow (and hence on the liquid viscosity). For Newtonian ﬂuids, Wilkes et al. [9] showed that this stag-
nation point penetrates the region inside the nozzle if the viscosity is low enough. The upwards ﬂow at the top
of the neck for Re = 0.1 is seen in Fig. 5 to increase with shear-thinning (decreasing g1). This occurs for the
same reason that the neck drains more rapidly for Newtonian drops of reduced viscosity.
Fig. 6 shows the ﬁnal drop shapes predicted at pinch-oﬀ corresponding to the results forWe = 0.005 shown
in Figs. 3 and 4. The results illustrate the signiﬁcant increase in ﬁnal drop length as Re is reduced from 1 to 0.1
and the substantial reduction in drop length with increasing shear-thinning when Re = 0.1. When Re = 1, the
Fig. 5. Predicted drop shapes and velocity vectors near the moment of pinch-oﬀ for Newtonian (g1 = 1) and shear-thinning liquids
(g1 = 0.2,0.6) for various Re values whenWe = 0.001. The velocity vectors when Re = 1, 10 are for g1 = 1 in each case. Other parameters
are the same as for Fig. 3.
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bility in the ﬁlament for Re = 0.1, We = 0.005 (Fig. 6) is evident by the ‘‘bumps’’ along its length. This is
similar to the instability described for highly viscous jets close to break-up [8]. It is associated with an inter-
facial instability which becomes more susceptible to surface perturbations as the ﬁlament thickness decreases.
Fig. 7 shows the predicted evolution of drop shapes and viscosity maps for Re = 0.1, We = 0.001 and dif-
ferent values of g1 . The time sequence is taken past the moment of pinch-oﬀ shown in Fig. 5. The more rapid
approach to pinch-oﬀ as g1 decreases is obvious, with pinch-oﬀ occurring over a small time interval, consis-
tent with Fig. 3. In each case, pinch-oﬀ is found to occur from the bottom of the neck and is followed by the
formation of a dominant satellite drop. Yildirim and Basaran [19] found that pinch-oﬀ of a liquid bridge could
occur from the bottom or the top of the neck, depending on the stretching speed. The viscosity maps in Fig. 7
illustrate the reduction in viscosity as pinch-oﬀ of a shear-thinning ﬂuid is approached and velocity gradients
increase, especially in the neck region. As the neck continues to thin, the region of lower viscosity grows to
encompass almost the entire drop with the lowest values (g = g1) occurring within the neck and just outside
it where the outﬂows from the neck occur. The broad trends of the evolution for the other values of Re andWe
considered are similar to those of Fig. 7 and are not shown here. However, one signiﬁcant diﬀerence is in the
number of satellite drops formed. Whereas only one dominant satellite drop develops forWe = 0.001, multiple
satellite drops of this type form when We = 0.005. In that case two or three such drops are created when
Fig. 6. Predicted drop shapes near the moment of pinch-oﬀ for Newtonian (g1 = 1) and shear-thinning liquids (g1 = 0.2,0.6) for various
Re values when We = 0.005. Other parameters are the same as for Fig. 3.
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When Re = 0.1 multiple satellite drops develop, ranging in number from 4 to 5 when g1 = 0.2,0.6, to numer-
ous small droplets when g1 = 1; i.e., the number of secondary droplets decreases with increased shear-thin-
ning. Although the additional small drop fragments evident in Fig. 7 for We = 0.001 at times after pinch-
oﬀ are unlikely to be predicted accurately with the current grid resolution, their numbers also decrease with
increased shear-thinning. In each case the predicted reduction in secondary drop numbers due to shear-thin-
ning is associated with a corresponding reduction in neck length at the time of pinch-oﬀ (Figs. 5–7). Overall,
the results suggest that we can reduce the generation of satellite drops (number and size variation) through
tuning the rheology, or more explicitly, the shear-thinning behaviour, of the solution from which we wish
to form drops. This is further exempliﬁed when we look at the predictions of a yield stress ﬂuid, which presents
an initial resistance to deformation, followed by an extremely rapid reduction in viscosity. This ﬂuid behav-
iour, as we will soon see, is capable of completely avoiding satellite drop formation.
Fig. 8 shows the detailed variation forWe = 0.001 of h near pinch-oﬀ as a function of time measured back-
wards from the time of pinch-oﬀ (td). For Re = 0.1, the viscosity is greatest and so is the eﬀect of shear-thin-
ning (g1) on the h variation, with the time rate of variation in h increasing as g1 decreases. The same trend is
evident in corresponding plots forWe = 0.0025 and 0.005 (not shown). For Re = 1 and 10, the eﬀect of shear-
thinning on this h variation is negligible. The curves for Re = 10 are almost coincident with those for Re = 1
and are not shown in Fig. 8. Thus the time dependence of h, relative to the moment of pinch-oﬀ, falls approx-
imately on a common curve for Re = 1 and 10. This curve exhibits an approximate (td  t)2/3 time dependence
which accords with the scaling law for potential ﬂow. Note that the numerical resolution is too coarse to
Fig. 7. Predicted evolution of drop shapes and viscosity contours at selected times for Newtonian (g1 = 1) and shear-thinning liquids
(g1 = 0.2,0.6) for Re = 0.1, We = 0.001. Other parameters are the same as for Fig. 3.
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rounding gas becomes important [14,25].
The predicted eﬀect of shear-thinning on the volume of the primary drop after pinch-oﬀ is shown in Fig. 9.






















































Re = 1 
Fig. 8. Minimum neck thickness as a function of time measured backwards from pinch-oﬀ, for Newtonian (g1 = 1) and shear-thinning






























Infinite shear viscosity/zero shear viscosity
Fig. 9. Dimensionless volume of the primary drop after pinch-oﬀ as a function of g1 for various Re andWe values. Other parameters are
the same as for Fig. 3.
M.R. Davidson, J.J. Cooper-White / Applied Mathematical Modelling 30 (2006) 1392–1405 1403from 1 to 0.2. The primary drop volume decreases asWe increases from 0.001 to 0.005, and is associated with
the earlier occurrence of pinch-oﬀ as surface tension is reduced (Fig. 3).
Fig. 10. Time variation of minimum neck thickness, drop evolution and shear rate distribution for a drop of Bingham ﬂuid with
dimensionless yield stress sy = 500 and Re = 1 (based on plastic viscosity) when We = 0.0005 and Fr = 0.005.
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Fig. 10 shows the evolution of a drop of Bingham ﬂuid with dimensionless yield stress sy = 500, Re = 1
(based on the plastic viscosity), We = 0.0005 and Fr = 0.005. For example, these values would derive from
a dimensional yield stress of 20 Pa and a plastic viscosity of 0.008 Pa s when the nozzle inner radius 1 mm
and the ﬂow rate is 80 ml/h. A yield stress liquid can be regarded as a limiting case of a shear-thinning liquid
when the zero shear viscosity is very large and the viscosity decrease with increasing shear rate is abrupt. In
this case the drop liquid is assumed to be attached to the nozzle at its internal diameter. A grid size of 32 cells
per inner radius a was used for the yield stress calculations.
The length of the neck is predicted to be very much smaller than for any of the shear-thinning cases con-
sidered. Prior to necking, the shear rate is found to be zero (plug ﬂow) except at the (expanding) drop surface.
As necking proceeds, the shear rate becomes much larger in the neck region and rises as pinch-oﬀ is
approached. The process leading to the eﬀective step-change in the neck thickness acts like a set of ‘‘hydro-
dynamic shears’’, with the local viscosity rapidly dropping from a very large value (g = 1010 in Eq. (6)) to
much lower values (g  O(1)), promoting increasingly rapid drainage of the neck over a very short time inter-
val. The drop at pinch-oﬀ is ‘‘torpedo’’ shaped rather than spherical or ellipsoidal in shape. It is expected to
eventually obtain a spherical shape but is still substantially elongated (albeit somewhat shorter) by the time it
has fallen to the bottom of the computational domain shown in Fig. 10. Note that there are no satellite drops
produced for this example of a yield stress ﬂuid. Many industrial inks are in fact concentrated particle suspen-
sions that present highly shear-thinning and even mild yield stress behaviour. The numerical model presented
here provides true utility in the design of model ﬂuids with non-Newtonian behaviours that minimise the for-
mation of secondary drops and control the resulting distribution of the primary drops produced via the ﬂuid
rheology.
4. Conclusion
The evolution of a drop of shear-thinning liquid forming at a nozzle, directed vertically downwards in a gas
phase (e.g., air), is predicted using a volume-of-ﬂuid numerical method when the Froude number Fr = 0.005.
The eﬀect of shear-thinning is a more rapid reduction in the thickness of neck analogous to the eﬀect of reduc-
ing the viscosity of a Newtonian drop. When the Weber number We = 0.001, the limiting length of the drop
prior to pinch-oﬀ exhibits a minimum as the zero-shear viscosity is varied, but the eﬀect disappears whenWe is
increased to 0.0025 and 0.005. This minimum is associated with an ellipsoidal shape assumed by the drop
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eﬀect of shear-thinning is to reduce the limiting drop length. Except for the highest viscosities considered
(Re = 0.1), signiﬁcant oscillations in the developing shear-thinning drop shape are found to occur prior to ﬁnal
approach to pinch-oﬀ when We = 0.001 and to a lesser extent when We = 0.0025. Shear-thinning is found to
have only a small eﬀect on the volume of the primary drop after pinch-oﬀ but a signiﬁcant eﬀect on the number
of secondary drops produced under the same conditions, with the number and size distribution of drops
decreasing as the extent of shear-thinning increases.
Results for a single case of a drop of Bingham ﬂuid (dimensionless yield stress sy = 500, Re = 1 based on
the plastic viscosity, We = 0.0005, Fr = 0.005) show a plug ﬂow prior to necking, an abrupt approach to
pinch-oﬀ following the onset of necking, a much smaller neck length, and the pinch-oﬀ of a ‘‘torpedo’’ shaped
drop which begins evolving towards a more spherical shape post break-up. There are no secondary drops pro-
duced in this case. This illustrates the potential of the numerical model in the design of tailored liquid solutions
for the control of drop formation dynamics and resulting drop size and drop size distributions.
Acknowledgement
This research was supported in part by the Australian Research Council Linkage Grants Scheme.
References
[1] Lord J.W.S. Rayleigh, Investigations in capillarity, Philos. Mag. 48 (1899) 321–337.
[2] D.H. Peregrine, G. Shoker, A. Symon, The bifurcation of liquid bridges, J. Fluid Mech. 212 (1990) 25–39.
[3] X.D. Shi, M.P. Brenner, S.R. Nagel, A cascade of structure in a drop falling from a faucet, Science 265 (1994) 219–222.
[4] X. Zhang, O.A. Basaran, An experimental study of dynamics of drop formation, Phys. Fluids 7 (6) (1995) 1184–1203.
[5] M.P. Brenner, J. Eggers, K. Joseph, S.R. Nagel, X.D. Shi, Breakdown of scaling in droplet ﬁssion at high Reynolds number, Phys.
Fluids 9 (6) (1997) 1573–1590.
[6] D.M. Henderson, W.G. Pritchard, L.B. Smolka, On the pinch-oﬀ of a pendant drop of viscous ﬂuid, Phys. Fluids 9 (11) (1997) 3188–
3200.
[7] J.J. Cooper-White, J.E. Fagan, V. Tirtaatmadja, D.R. Lester, D.V. Boger, Drop formation dynamics of constant low viscosity, elastic
ﬂuids, J. Non-Newt. Fluid Mech. 106 (2002) 29–59.
[8] J. Eggers, Nonlinear dynamics and breakup of free-surface ﬂows, Rev. Modern Phys. 69 (3) (1997) 865–929.
[9] E.D. Wilkes, S.D. Phillips, O.A. Basaran, Computational and experimental analysis of dynamics of drop formation, Phys. Fluids 11
(12) (1999) 3577–3598.
[10] B. Ambravaneswaran, E.D. Wilkes, O.A. Basaran, Drop formation from a capillary tube: Comparison of one-dimensional and two-
dimensional analyses and occurrence of satellite drops, Phys. Fluids 14 (8) (2002) 2606–2621.
[11] R.M.S.M. Schulkes, The evolution and bifurcation of a pendant drop, J. Fluid Mech. 278 (1994) 83–100.
[12] D.F. Zhang, H.A. Stone, Drop formation in viscous ﬂows at a vertical tube, Phys. Fluids 9 (8) (1997) 2234–2242.
[13] P.K. Notz, A.U. Chen, O.A. Basaran, Satellite drops: Unexpected dynamics and change of scaling during pinch-oﬀ, Phys. Fluids 13
(3) (2001) 549–552.
[14] A.U. Chen, P.K. Notz, O.A. Basaran, Computational and experimental analysis of pinch-oﬀ and scaling, Phys. Rev. Lett. 88 (17)
(2002), art. No. 174501.
[15] D. Gueyﬃer, J. Li, A. Nadim, R. Scardovelli, S. Zaleski, Volume-of-ﬂuid interface tracking with smoothed surface stress methods for
three-dimensional ﬂows, J. Comp. Phys. 52 (1999) 423–456.
[16] X. Zhang, Dynamics of drop formation in viscous ﬂows, Chem. Eng. Sci. 54 (1999) 1759–1774.
[17] X. Zhang, Dynamics of growth and breakup of viscous pendant drops into air, J. Colloid Interface Sci. 212 (1999) 107–122.
[18] Y. Amarouchene, D. Bonn, J. Meunier, H. Kellay, Inhibition of the ﬁnite-time singularity during droplet ﬁssion of a polymeric ﬂuid,
Phys. Rev. Lett. 86 (16) (2001) 3558–3561.
[19] O.E. Yildirim, O.A. Basaran, Deformation and breakup of stretching bridges of Newtonian and shear-thinning liquids: comparison of
one and two-dimensional models, Chem. Eng. Sci. 56 (2001) 211–233.
[20] M.R. Davidson, J.J. Cooper-White, V. Tirtaatmadja, Shear-thinning drop formation, ANZIAM J. 45(E) (2004) C405–C418.
[21] R. Scardovelli, S. Zaleski, Direct numerical simulation of free-surface and interfacial ﬂow, Annu. Rev. Fluid Mech. 31 (1999) 567–
603.
[22] R.B. Bird, R.C. Armstrong, O. Hassager, second ed. Dynamics of Polymeric Liquids, vol. 1, John Wiley & Sons, 1987, p. 171.
[23] M. Rudman, A volume tracking method for interfacial ﬂows with large density variations, Int. J. Numer. Meth. Fluids 28 (1998) 357–
378.
[24] J. Li, Y. Renardy, Numerical study of ﬂows of two immiscible liquids at low Reynolds number, SIAM Rev. 42 (3) (2000) 417–439.
[25] J.R. Lister, H.A. Stone, Capillary breakup of a viscous thread surrounded by another viscous ﬂuid, Phys. Fluids 10 (11) (1998) 2758–
2764.
